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ABSTRACT 

The p o t e n t i a l  d i s t r i b u t i o n  i n  the  neighborhood 

of a photo-emitting p l a t e  immersed i n  a plasma i s  calcu- 

l a t e d .  We f i n d  t h a t  two s teady s ta te  p o t e n t i a l  d i s t r i b u t i o n s  

can e x i s t ,  namely one i n  which t h e  p o t e n t i a l  decreases from 

i ts  p l a t e  value t o  ze ro  monotonically and one i n  which i t  

decreases  from i t s  p l a t e  value t o  a (negat ive)  minimum and 

then increases slowly t o  zero. This l a t te r  "over shoot" po- 

t e n t i a l  appears t o  b e  the  s t a b l e  one. Such over  shoot  e f f e c t s  

are expected t o  p l ay  an important r o l e  f o r  s h e a t s  around 

satell i tes i n  t h e  i n t e r p l a n e t a r y  plasma. 



INTRODUCTION 

When a satel l i te  i s  i l l umina ted  by the  u l t r a - v i o l e t  r a d i a t i o n  

of t h e  sun, photo-electrons are emitted.  I n  t h e  i n t e r p l a n e t a r y  medium, 

t h i s  pho to -e l ec t r i c  e f f e c t  dominates t h e  acc re t ion  of thermal e l e c t r o n s ,  

s o  tha t  a p o s i t i v e  s u r f a c e  p o t e n t i a l  is  This p o s i t i v e  po- 

t e n t i a l  attracts e l e c t r o n s  and forms a s teady state e l e c t r o n  sheath.  

I n  t h e  p re sen t  work we consider  t he  p o t e n t i a l  i n  t he  neighbor- 

hood of the satell i te.  Two p o s s i b i l i t i e s  can arise. The e l e c t r o s t a t i c  

p o t e n t i a l  might decrease monotonically t o  zero,  o r  i t  might over-shoot 

lFig.1.) .  The present  work is  an i n v e s t i g a t i o n  of t he  condi t ions under 

which t h e  p o t e n t i a l  d i s t r i b u t i o n  may take the  form of Fig.1, and t h e  

s t a b i l i t y  of t h i s  s o l u t i o n  r e l a t i v e  t o  the monotonic s o l u t i o n .  

3 

The problem is  approached using one dimensional model s u b j e c t  

t o  t h e  following r e s t r i c t i o n s :  

(1) The sa te l l i t e  su r face  i s  i d e a l i z e d  t o  a l a r g e  (compared t o  

t h e  shea th  dimension) m e t a l  p l a t e  which emits photo-electrons,  which 

have a v e l o c i t y  d i s t r i b u t i o n  

(2) 

v e l o c i t y  Ui , which i s  much smaller than t h e  thermal v e l o c i t y  of t h e  

plasma-electrons. 3 u t  due t o  t h e  l a r g e  ion-mass, the k i n e t i c  energy of 

an i o n  i s  much g r e a t e r  t han  any p o t e n t i a l  i n s i d e  t h e  sheath,  s o  no i o n s  

are r e f l e c t e d .  

(3) The temperature of the  plasma-electrons is f i n i t e .  The velo- 

c i t y  d i s t r i b u t i o n  of t h e  incoming plasma-electrons a t  t h e  sheath edge 

i s  fe(vm, a) . 

fv(vo, 0) a t  t h e  p l a t e .  

The cold plasma-ions are d r i f t i n g  toward t h e  p l a t e  with a 
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( 4 )  The s t eady  state is defined by t h e  absence of any n e t  

cu r ren t .  

(5 1 

b u t  t h e  s u r f a c e  p o t e n t i a l ,  0, and t h e  minimum p o t e n t i a l ,  0, , ' 

are l e f t  t o  be determined. 

An over-shoot e l e c t r o s t a t i c  p o t e n t i a l  is  assumed (Fig. l), 

11. PARTICLE DYNAMICS 

(a) Photo-electron Dynamics 

In t h e  system w e  are considering, i t  i s  w e l l  know t h a t  t h e  

t o t a l  energy of every photo-electron is constant  (the constant  may 

d i f f e r  from one e l e c t r o n  t o  t h e  o the r ) .  The energy equat ion f o r  a t y p i c a l  

phot o-elect  ron is  

m m 2  - v2 - e@(x) = - v - eOo 2 2 0  

where 

$o i s  t h e  p o t e n t i a l  a t  x = 0 ( t h e  s u r f a c e  p o t e n t i a l ) ,  

v is  the  speed of the photo-electron a t  x = 0 , 
0 

@(XI i s  t h e  p o t e n t i a l  a t  x and 

v is t h e  speed of t h e  photo-electron at p o s i t i o n  x . 
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According t o  t h e  energy relation, eq. (l), t h e  photo-electrons a t  

x = 0 c o n s i s t  of two sets: 1.) those wi th  v e l o c i t y  range 

are trapped i n  t h e  region between 0 6 x < x 2.) t hose  w i t h  

v e l o c i t y  range 

m 

can escape. But from eq. ( l ) ,  eqs (2)  and (3) are equ iva len t  t o  

O S X < X  m 

(2-1) i 
and 

O S X S W  

(3-1) 1 
hence t h e  number dens i ty  of photo-electrons a t  p o s i t i o n  x i s  

dv fv (v ,x )  + 

m 

Nv(x) = S(x, - x)  

m 

( 4 )  
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where S(a)  is  a s t e p  func t ion ,  and fv(v ,x)  i s  the  ve loc i ty  

d i s t r i b u t i o n  a t  x . Through t h e  energy r e l a t i o n ,  fv(v ,x)  is 

r e l a t e d  t o  i t s  boundary d i s t r i b u t i o n ,  fv(vo,O) , by 

;(4)o 4m) 

fv(v ,x)  = s ( x m  - x )  IC dvo f v ( V o , O )  6[vo - & - I  

where 6(b) i s  the  usua l  Delta-function. 

Subs t i t u t ing  eq. (5) i n t o  eq. ( 4 ) ,  changing t h e  o r d e r  of 

i n t e g r a t i o n  and using t h e  p r o p e r t i e s  of 6-function9 w e  f i n d  

V 
+ 0 

Nv(x) = 2 S(xm - x )  1 dvo f, (vc,o) 
2 2e 
o m  

m 
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(b ) P 1 asma-e le  c t ron Dynamics 

The energy equat ion f o r  a t y p i c a l  plasma-electron is  

m 2  - m 2 -  - v - e+(x)  2 v "  - 2 

where v, i s  the  speed of t h e  plasma-electron a t  m , where t h e  

p o t e n t i a l  is  assumed t o  be  zero.  Through ana lys i s ,  s i m i l a r  t o  t h a t  

used f o r  t he  photo-electrons dynamics, t he  d i s t r i b u t i o n  funct ion 

and t h e  number dens i ty  of t h e  plasma-electrons a t  p o s i t i o n  

are 

x(x < m) 

- /2q 

/37 
m 'm 

m 

f e ( v , x ) =  S(X - x ) dVm fe(Vm,m ) "vm + 6-1 m i m 

- 

-m 

and 

r 

I" 
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(c )  Plasma-ion Dynamics 

I n  general ,  t h e  energy equat ion f o r  an i o n  i s  

The cold ion  assumption implies  

i n 
Ni(x) = A X  

2 
‘iUi 

where n i s  t h e  number d e n s i t y  of plasma-ions a t  m . Since the  

k i n e t i c  energy of an ion  i s  much g r e a t e r  than t h e  sheath p o t e n t i a l  

[see assumption (2)  above], the dens i ty  of the ions  may be taken as 

constant  f o r  a l l  x approximately. 

i 

111. POISSON’ S EQUATION 

By c o l l e c t i n g  t h e  appropr i a t e  terms obtained i n  the  last 

s e c t i o n ,  t he  Poisson’s equat ion can be writ ten as 

where 
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P,($) 5 - n + i 

m 1 dvo 
J 

m 

+ , I  dvo 

m 

and 

Qzq- m 

+ 

m 
m 

dvO 

+ i dVm 

The f i r s t  and the  second i n t e g r a l s  i n  P1(Q) and P,(lp) are due 

t o  f r e e  photo-electrons and f r e e  plasma-electrons; while  t h e  las t  

i n t e g r a l  i n  P,($) is due t o  "trapped" photo-electrons and t h e  

las t  one i n  P,($) i s  due t o  r e f l e c t e d  plasma-electrons. 

+ 
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Now, w e  s h a l l  cast t h e  Poisson's equat ion i n t o  t h e  form Of 

the equat ion  of motion f o r  a f i c t i t i o u s  "pa r t i c l e "  moving i n  a poten- 

t i a l  " w e l l " .  This is  done by d i f f e r e n t i a t i n g  by p a r t s ,  and by applying 

the Leibniz' formula f o r  d i f f e r e n t i a t i o n .  

where 

00 

[jV?qG- - ~ ~ ] E v ( ~ . 2 + Z e  m 40,0) 

(16) 

m 

m 

dv' v' 

- 4 ] + fe  

m 

and 
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- 2 dv' v' m 

J-% 
m 

H e r e  w e  have choosen the  a r b i t r a r y  cons t an t s  i m p l i c i t  i n  
- u 

defining V1 , V2 from (15) by r equ i r ing  t h a t  

and have changed the  v a r i a b l e  of i n t e g r a t i o n .  The i n t e g r a t i o n  of eq. 

(15) from x t o  x , y i e l d s  m 

x s x  m 

x > , x  m 
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Eq. (18) can be reduced t o  quadrature  

= - &(x - xm) x ,< x m 
d4' 
7 

(19-1) 

- 
Note t h a t  yl(4> , V2($) are both negative,  t h i s  i s  due t o  t h e  f a c t  

t h a t  $I is  bounded i n  our  problem s o  t h a t  t h e  f i c t i t i o u s  l 'particle ' '  

m u s t  move i n  a p o t e n t i a l  " w e l l " .  

Now we examine the  condi t ions which are imposed by our assumptions. 

(11 N e u t r a l i t y  condi t ion a t  M [from eq. (1411 

0 JX 
m 'm 

(21 N o  electric f i e l d  at  ~0 [from eqs. (181, (171, and (2O)I 

dv' (v' - {v-J2 [fv( ~V-+~,O) + fe(-v' ,-)I 
I /r 

m 'm 

0 
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For 

d i s t r i b u t i o n s  f v  , f e  , we w i l l  see t h a t  t h e r e  exists a 

such t h a t  eq. (21) ho lds  (i.e. over-shoot is  p o s s i b l e ) .  

r$m = 0 , bo th  terms vanish independently. However, f o r  some 

< o  'm 

(3 )  To f u l f i l l  t h e  requirement t h a t  t h e  p o t e n t i a l  is  a minimum a t  x 
n . m '  

i t  is  necessary t o  have a def ic iency of i ons  at x (i..e. 41 > 0 ) . m dx x ' m  From eqs. (12), (13) [ o r  (14)] ,  and (20) ,  t h i s  condi t ion 

can be w r i t t e n  as 

m I dv' 

/r 
m 'm 

I f  t h e  photo-electrons are completely "trapped", and t h e  plasma-electrons 

have a Maxwellian d i s t r i b u t i o n  at 03 one can e a s i l y  show, via  (22), 

t h a t  t he  over-shoot i s  impossible. 
* 

(4) I n i t i a l l y ,  t h e  photo-electrons-f l u x  is  much g r e a t e r  than t h e  

plasma-electrons-f l u x  which irl  t u r n  is much g r e a t e r  than t h e  plasma-ions- 

f lux,  i .e .  

* f o r  t h i s  case eq. (22) becomes 

1 + e r f  (J - eBgn;)< e 
emm 

, which cannot be s a t i s f i e d  f o r  6, < 0 . 
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dvovofv(vo,O) + 

-m 0 

dv,v, fe(vco,'") i- n u = 0 i i  

(5 1 For s t eady  state,  w e  i n s i s t  on ze ro  t o t a l  cu r ren t .  

Since the "trapped" photo-electrons and the  r e f l e c t e d  

plasma-electrons con t r ibu te  no n e t  cu r ren t ,  t h i s  condi t ion can be  

w r i t t e n  as 

j r  
m 'm r -  

J J 
-co 

m 

where w e  have used t h e  f a c t  t h a t  t h e  s teady state cu r ren t  of every 

spec ie s  is independent of pos i t i on .  

Equations (22) and (23) are condi t ions imposed on t h e  d i s t r i -  

bu t ion  funct ions.  Given a set  of d i s t r i b u t i o n  func t ions  which s a t i s f y  

these  condi t ions;  then t h e  s u r f a c e  p o t e n t i a l ,  

'm 9 
p o t e n t i a l  minimum, 

and t h e  over-shoot 
'0 ' 

can be determined v ia  eqs.  (20), (211, and (24). 
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I V .  NON-MONOTONIC SOLUTION 

I n  o rde r  t o  explore  t h e  p o s s i b i l i t y  of s t eady- s t a t e  poten- 

t i a l  d i s t r i b u t i o n s  t ak ing  the form of Fig. 1, w e  now consider  t h e  

s p e c i a l  case 

x = 0 has  t h e  one-dimension Fermi shape (Fig.2), and t h e  d i s t r i b u t i o n  

of incoming plasma e l e c t r o n s  at  m is  Maxwellian, namely 

* 
i n  which t h e  d i s t r i b u t i o n  of emi t t ed  photo-electrons a t  

N u o  - vo> Y (Fig.2.) 
2nvVo fv(vo,O) = - 

f e ( v m A  = n 

2 
u O  

e 2n 

? where t h e  c h a r a c t e r i s t i c  v e l o c i t y  of t he  photo-electrons, uo3 is  assumed 

t o  be g r e a t e r  than G, and S(a) is  t h e  u s u a l  step-function. m 

With these  d i s t r i b u t i o n s ,  eqs.  (23), (24), and (21) reduce t o  

n e  '(B) << --(, 3 ) << 1 Y 

nvuO lQ 
V 

, ,- 
_ ~ _ ~ ~  

* The r e s u l t s  are expected t o  be  q u a l i t a t i v e l y  v a l i d  f o r  any "one- 

parameter" shapes f o r  f (vo,O) ,fe(vmsm) i.e. those cha rac t e r i zed  by 

s i n g l e  macroscopic v e l o c i t i e s  ( i n  t h i s  case u and (em)-' ). 

V 

0 

t There can be  no s t eady  state f o r  the opposi te  assumption. 
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and 

n e 
2 Be G ( E , ~ )  + - F(z) = 0 , 

where 

+ (1- € 2 -  6 ) ( G -  m a ) -  (1- E 2 ) E  

E %  

mu 
0 

- w, 
2 

6 : -  
mu 

0 
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I n  view of the  condi t ion eq. (27),  eq. (28) cannot be satis- 

f i e d  unless E is s m a l l ,  which a l s o  implies  6 < 1 . Thus one may expand 

the  terms i n  G , t o  ob ta in  
* 

-1 one may 
0' 

Based on the  assumption t h a t  u << (mf3) << u i 

neg lec t  the  term propor t iona l  t o  u i n  eq. (28). Then eq. (28) reduces 

t o  

i 

and eq. (29) reduces t o  

Y 

It i s  clear t h a t  6 i s  r e l a t e d  t o  z through eqs. (33) and 

( 3 4 ) .  Therefore eqs.  (36) and (37) are two a l g e b r a i c  equations f o r  E and 

z ( i . e .  f o r  0, , Om) . To s impl i fy  t h i s  set of equat ions,  w e  use the  

r e l a t i o n  between 6 and z , and d e f i n e  

2 * By expanding eq. (30) a l s o  f o r  6 >> E: , one r ead i ly  shows t h a t  

eq. (35) gives  t h e  co r rec t  leading terms f o r  a l l  6 wi th  an e r r o r  no worse 

than E l3 t i m e s  l ead ing  t e r m .  
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and 

A :  - n 
I) 

Then eqs.  (36) a d  (37) reduce t o  

2 
A = & z exp (-2) y 

and 

(39) 

Although h is  a known parameter ( i n  p r i n c i p l e )  and y , z 

are t o  be determined, i t  i s  convenient t o  temporar i ly  e l imina te  X from 

eqs.  (40) and (41) t o  o b t a i n  

3 1 3 2  ltp-z (y' - $) = y - - +  2 -i; y g ( z )  

where 

For y << 1 eq. (42) implies  g ( z )  +- 1 . Then using eqs,  (43) 

and (31), one f inds  z 2 z % 0.4915. Furthermore eq. (30) implies  

A ('max 

m a  

) +- 0 . One e a s i l y  shows, from eqs.  (40),  (41),  t h a t  A is a 
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monotonic decreasing funct ion of  z , or ,  what amounts t o  t h e  same 

thing, z i s  a monotonic-decreasing of X , i.e., 

f o r  z < z max t 
- - < o  dz J 
dh 

For gene ra l  y , 

3 5  3 2 2  
Y Y  g + ( a Y  g) 

( o r f o r  y S 0 ,  g S 0 )  

3 3  2 2  
Y + j p Y  - -  

3g 

we square eq. (42) t o  f i n d  

3 3 2  
- y  + z y ( l - g ) = O  (44) 

(45) 

This i s  a cubic  equat ion,  so t he  s t anda rd  technique app l i e s .  One f i n d s ,  

f o r  a l l  p o s i t i v e  g , t h e r e  are t h r e e  real roo t s .  However, t h e r e  is  

only one genuine p o s i t i v e  s o l u t i o n  of  eq. (45), i .e.,  t h e r e  i s  one nega- 

t ive roo t ,  and one spur ious  root.  To e l imina te  t h e  spurious roo t ,  w e  

i 

i From eqs.  (31) and ( 4 3 ) ,  it can be shown t h a t  g 2 0 i n  our  

problem. 
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no te  t h a t  w e  must have y << 1 as g + 1 corresponding t o  o u r  earlier 

It tu rns  out t h a t  t he  so lu t ion .  Also, one must have 

genuine r o o t  may be w r i t t e n  as 

& y ( z )  = 1 . l i m  
Z-tl) 

where 

1 (47) 

2 (-u2 + 2u - % ) h u  + 13u + 32 

q u 4  - 45u + ”’) 2 
4 E t a n  

3 with u g ( z )  . The s u b s t i t u t i o n  of t h i s  r e s u l t  i n t o  eq. (40),  y i e l d s  

A as a funct ion of z E - eB@, . The numerical  c a l c u l a t i o n ,  which 

gives  t h e  r e l a t i o n  between A and z , i s  shown i n  Fig.3. Fig. 3 

shows t h e  limits A(z = 0) = 2& and z(A -+ 0) = .4915, as expected. 

For A > 2& , i t  appears t h a t  t h e r e  i s  no so lu t ion .  For f ixed  A 

having obtained +m( = - z/Be) from Fig. 3, one determines +o from 

V. MONOTONIC SOLUTION 

It should be  noted t h a t  i f  +, i s  i d e n t i c a l l y  zero,  i .e.,  

@ dec l ines  monotonically t o  zero,  eq. (21) is  an i d e n t i t y ,  s o  t h a t  

t h e r e  i s  one less v a r i a b l e  and one less n o n - t r i v i a l  condi t ion (on +o) . 



- 19 - 

Assuming t h a t  f,(vm,m) , f (v ,0) have the s p e c i a l  forms given by 

eqs. (25) and (26), and 4m 0 , one f inds  f o r  Poisson 's  equat ion 

v o  

where 

with 

E =  

mu 
0 

- *  
Y =  2 

mu 
0 

(53) 

( 5 4 )  

(55) 

a n d  

w e 6 4  
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Furthermore, f o r  t h i s  case t h e  cu r ren t  equat ion [eq. (30)] becomes 

n 1 e E2 = - 

For y and E both s m a l l ,  one has  approximately 

X(E,y)  = xl[l + 0(E2 + Y)] 

X1(E,Y) E 2[G+ G- E] 

2 On t he  o the r  hand, i f  y >> E 

which matches up with 

W e  w i l l  now 
9 

(57) 

t h e ,  preceding 

show t h a t  the  

expression f o r  s m a l l  y . 
p r e c i s e  condi t ion on X t o  have 

(2s 2 0 f o r  a l l  x , i n  t h i s  case i s  a l s o  

where X i s  def ined by eq. (39). 

To show t h i s ,  we  consider  (2f as a funct ion of 4 . W e  

have t h a t  
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where eq. (50) w a s  used. 

W e  know t h a t  ( ~ ~ ~ 4 = o  = 0 . Since P ( 4  = 0 )  = 0 , the  f i r s t  

two d e r i v a t i v e s  of (2f with respect t o  6 w i l l  a l s o  be zero  a t  

6 = 0 (note: w e  are considering (gf as a funct ion of 6 r a t h e r  

than 4 t o  avoid s i n g u l a r i t i e s  i n  the  de r iva t ives ) .  W e  w i l l  show t h e  

following: 

(A) For A > 2& t h e  f i r s t  non-vanishing de r iva t ive  is  

so  t h a t  f o r  6 s m a l l  bu t  f i n i t e  ($$ must go negat ive.  Thus t h i s  

case is  ru l ed  out.  

(B) For X = 2 6  

so  t h a t  (zf starts upward from 6 = 0 ; f u r t h e r  w e  w i l l  show 

t h a t  P (4 )  3 0 f o r  0 ,< 4 6 4, , s o  t h a t  (zf i s  a monotone inc reas ing  

func t ion  of 6, and is  thus always 2 0 . 
(0 For A < 2& w e  show t h a t  P(4)  2 0 s o  again ($f 2 0 .  

W e  no te  t h a t  the  two expressions f o r  X given by eqs.  (58) 

and (59) are overlapping, t he re fo re  w e  may assume t h a t  eq. (58) is v a l i d  
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f o r  y < E , and eq. (59) is v a l i d  f o r  y > E . 
W e  d e s i r e  t o  express  everything n terms of a s i n g l e  varih,  

We employ eq. (57) i n  the  expressions f o r  X ; then wr, te  

[ v i a  eqs.  (55) and (56)l 2w 
Y = -  2 '  

@muo 

and in t roduce  

Le. 

When the  dust  has  c leared ,  w e  f i nd  an expression of t he  form 

where 

wi th  

Where necessary,  w e  use the  f a c t  t h a t  
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2 For small IJ , w e  expand D(IJ) , Y(IJ ) t o  ob ta in  

Thus f o r  X > 2 G  , P(IJ) is  zero  and decreas ing  i n  the  neighborhood 

of IJ = 0 . This impl ies  t h a t  (2f goes nega t ive  f o r  IJ s m a l l  bu t  

f i n i t e ,  s o  w e  must r u l e  out  t h i s  case. For X 6 2 & ,  P is  increas ing  

i n  t h e  neighborhood of t h e  o r ig in ,  s o  (2) 

shown i n  Appendix I i t  i s  not .  Therefore (2f i s  a monotone inc reas ing  

funct ion of 6 ( i - e . ,  f o r  a l l  

0 6 x 6  - 1 .  

+ 

2 
i s  p o s i t i v e  there .  

We now ask whether P (U)  is  ever  nega t ive  f o r  A 6 2 6  . As 

and is always p o s i t i v e  f o r  0 s $I 6 $Io 

V. ENERGY CONSIDERATIONS 

We have seen t h a t  f o r  A 5 n 7 $mu /nv 2 G  t he re  are e 0 

s o l u t i o n s  of t h e  s teady  state Vlasov-Poisson system. Such a r e s u l t  is  not  

e s p e c i a l l y  unusual f o r  a non-linear system. However, one would expect 

phys ica l ly  t h a t  t he  system under cons idera t ion  should have a unique s teady 

state p o t e n t i a l .  Thus i t  seems l i k e l y  t h a t  one of  our  so lu t ions  is  no t  a 

t r u e  s teady  state. While t h i s  ques t ion  cannot be  s e t t l e d  conclusively 

without so lv ing  t h e  f u l l  time-dependent non-linear Vlasov-Poisson system, 
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t h e  following argument suggests  t h a t  t he  non-monotonic s o l u t i o n  i s  

t h e  s t a b l e  one. 

Consider t he  t o t a l  p o t e n t i a l  energy, def ined by 

where p(x) is the  space charge dens i ty  and 0 t h e  s u r f a c e  charge 

dens i ty  on t h e  p l a t e .  I f  w e  regard p(x) , o as given and vary +(x) , 

w e  f i n d  t h a t  (66) is a minimum f o r  any 4 which is  r e l a t e d  t o  p,a 

by Poisson's equat ion and t h e  corresponding s u r f a c e  r e l a t i o n  

- -  - 4 R 0  
x+o+ 

(67) 

which follows from Poisson's equat ion and the  f a c t  t h a t  the f i e l d  i n s i d e  

t h e  metal i s  zero. It seems reasonable t o  suppose t h a t  i f  Poisson 's  equa- 

t i o n  has  - two o r  more s o l u t i o n s ,  t h e  system w i l l  tend t o  seek t h e  state with t h e  

lowest p o t e n t i a l  energy. I n  t h e  c a l c u l a t i o n  which follows, w e  w i l l  show t h a t  

rhe  non-monotonic s o l u t i o n  has less p o t e n t i a l  energy than the  monotonic one. 

Using Poisson 's  equat ion,  p a r t i a l  i n t e g r a t i o n  and Eqe (67) i n  

(661, one f i n d s  t h e  s i m p l i f i e d  expression 
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Using now Eq. (18) and an obvious change of  i n t e g r a t i o n  v a r i a b l e s ,  one 

may w r i t e  (68) as 

Using t h e  s p e c i a l  d i s t r i b u t i o n  funct ions,  given by eqs. (25) and (26), 

i n  eqs. (16) ,  and (17), wi th  the  h e l p  of eq. (20) one f i n d s  

and 

where 

w E Be($ - @m) 9 

- 2w 
y = -  

2 Bmuo 

z : - Be $m 

22 6 E -  
2 

Bmuo 
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H(y,6 , E )  ( E  2 + y I 3 i 2  - y 3 I 2  + (1-E2-y) (,& - .> - 2 

and 

Since Eq. (70) i s  f o r  t h e  region x >, x hence w e  have w d z , y s 6 . 
On t h e  o t h e r  hand, Eq. (71) is v a l i d  f o r  t h e  region x d x where y can 

range a l l  t h e  way up t o  ( 1  - E ) . Furthermore, we  note  from Eq. (76) 

J ( ~ , E )  is  independent of 6 . 

m y  

m 
2 

Subs t i t u t ing  eqs.  (70) and (71) i n t o  Eq. ( 6 9 ) ,  and in t roducing  

y as a new i n t e g r a t i o n  v a r i a b l e ,  one f inds  
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2 6 

mu2 0 /+ u s - -  - 
8e n e K (2 ...) 2 

nvBmuo 
0 

The same form i s  v a l i d  f o r  t h e  monotonic case provided both 

6,  and z are replaced by ze ro  and t h e  E is  modified accordingly 

( r e c a l l  t h a t  E 2 g n e -'/n @ ) . I f  w e  denote t h e  p o t e n t i a l  

energy of t h e  non-monotonic and monotonic s o l u t i o n s  as Urn , and UM 

r e spec t ive ly ;  then as shown i n  Appendix 11, we have 

e V 

urn - UM 6 0 (78) 

provided A 6 2 6  , where t h e  e q u a l i t y  occurs only f o r  A = 2& 

(i.e. z = 0).  

Thus i t  is  suggested t h a t  t h e  u l t i m a t e  s t eady  state p o t e n t i a l  

w i l l  have t h e  form of Fig.1, whereas t h e  monotonic s o l u t i o n  may b e  only 

metastable  (i.e. capable of e x i s t i n g  v i r t u a l l y  unchanged f o r  r e l a t i v e l y  

long pe r iods  of  t i m e ,  b u t  u l t ima te ly  decaying t o  t h e  "true" s t eady  state).  
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APPENDIX I 

The proof of P(p) % 0 f o r  X s 2& 

(1) F i r s t  w e  consider  t h e  region 1-1 < iX/2dT< . Then from eqs.  (62) 

and ( 6 3 ) ,  w e  have 

where 

By elementary d i f f e r e n t i a t i o n ,  

It i s  obvious by i n s p e c t i o n  t h a t  

and t h e  e q u a l i t y  holds i f  and only i f  both 

Q1(u) 

(2) For t h e  second region,  w e  have 

X = 2& 1-1 = 0 . Thus 

i s  monotone i n c r e a s i n g  and always g r e a t e r  than zero. 

(A-4) 
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where 

Inasmuc.. as A/2& << a2 , w e  have t h a t  

(A-5) 

Now 1-1 can be anything from zero t o  one. But m 

T(o) = 0 T( l )  > 0 9 

2 (mote the  las t  i n e q u a l i t y  i s  due t o  the f a c t  t h a t  

and 

Y(um) s 0 f o r  a l l  11,) 

s o  T(pm) i s  monotone and t h e r e f o r e  p o s i t i v e  on ( 0 , l )  and Q ( u  ) > 0 . 
2 m  

A t  the  o t h e r  l i m i t  
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Now w e  r e t u r n  t o  eq. (A-4)  

(A-10) 

(A-11) 

where 

2 From our  previous result, the  func t ion  Y ( p  ) i s  a monotonic func t ion  

of p w i t h  no i n f l e c t i o n ;  whereas i t  can b e  shown t h a t  D (p) 

one maximum (around 

has  exac t ly  2 

p = 0.652) no minima and no i n f l e c t i o n  poin ts .  Since 

D2(p) > X / 4 f i Y ( p  2 ) a t  t h e  endpoin ts ,  t h i s  shows t h a t  D2(p) > X / 4 f i Y ( p  2 ) 

f o r  t h e  whole range. Thus Q2(p) > 0 for t h e  e n t i r e  range. Therefore  

APPENDIX I1 

(A-12) 

- u  s o .  'JW M Proof : 

W e  have, from Eq. ( 7 4 )  
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H(y,&,6)  = ( ~ ~ + v > ~ 1 ~  - y3I2  2 

We w r i t e  

L h-&2+J;;  J 

- y pT 6-J1 -&2J ;  - + (1-&2-y> 

and note  the  following limits: 

(A) Y << 1 

w i t h  the subcases  

(a)  y << 

( 7 4 )  

05-41 
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To t a k e  i n t o  account t h e  p o s s i b i l i t y  t h a t  y may b e  n e a r  u n i t y ,  w e  

cons i de r  

(B) y >> c 2  

In t h i s  case a s l i g h t l y  d i f f e r e n t  expansion may be used, 

and one f i n d s  

M(y,c) = 2&c2 [1 + (I(%)] , y >> c2 (B-5) 

C lea r ly  Eq. (B-2) g ives  t h e  c o r r e c t  l ead ing  t e r m  f o r  a l l  y . Turning 

now t o  N , we have two cases. 

(a) Non-monotonic: Expansions f o r  6 << 1 and 6 >> c2 match up n i c e l y  

and are w e l l  approximated by 

For a l l  6 between 

'max wi th  zmax = 0.4915 2 
@muo 

O s & <  

(6) Monotonic 6 = 0 

N(0,c)  = 2 c  1 + 0 ( c 2 ) ]  b 
From Eq. (76), w e  have 

03-71 



- 33 - 

It is  easy  t o  show t h a t  

03-81 

f o r  a l l  y < l - ~ ~  . We no te  t h a t  t he  leading t e r m  may be  w r i t t e n  as I 

C(~)Y~’~ where C(y) varies only s l i g t h l y  (from 4 / 3  t o  l) ,  f o r  t h e  

whole range of y . The co r rec t ion  i s ,  a t  worst ,  t i m e  t h e  l ead ing  

t e r m .  The l ead ing  term i s  the  same f o r  t h e  monotonic case and t h e  non- 

monotonic case, except t h e  d e f i n i t i o n  of y . 
Now t h e  p o t e n t i a l  energy is given by Eq.  ( 7 7 )  

(77)’ 

where K , L , are given by eqs. ( 7 3 )  and ( 7 5 ) ,  i .e.  

and 
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The expression (77) is v a l i d  f o r  both cases. For monotonic 

case, bo th  6 , and z are replaced by zero,  and E is  modified 

accordingly (recall t h a t  c2 g n exp(-z)/nv $-- 2mBu’) e e 0 

Now t h e  f i r s t  i n t e g r a l  i n  eq. ( 7 7 )  i s  p o s i t i v e  f o r  z > 0 

(it vanishes of course,  f o r  z = 0) . Thus, given t h e  minus s i g n  out- 

s i d e ,  t h i s  t e r m  (cal l  it J ) tends t o  decrease t h e  p o t e n t i a l  energy 

f o r  t h e  non-monotonic case ( i t  i s  zero f o r  t he  monotonic case). 

Turning t o  t h e  second i n t e g r a l  of eq. ( 6 9 ) ,  w e  n o t e  from eqs. 

(B-8) ,  (75), (B-1) , (B-2) , (B-6) , (B-7), and (73) t h a t  J i s  much l a r g e r  

than t h e  o t h e r  terms as long as y >> . Accordingly, w e  break the 

second i n t e g r a l  i n t o  two p a r t s  a t  some convenient p o i n t  y such t h a t  

E 2  << yo  << 1 . 
0 

One such po in t  is 

But t h e  maximum va lue  of t h e  i n t e g r a l  on ( O , E ~ ~ ) ,  is  6 E ” ~  ; s o  t h a t  

15/4 
3 (B-10) 

which can s a f e l y  b e  ignored. Al so  i t  i s  n o t  d i f f i c u l t  t o  show from Eq. 

( 7 6 )  t h a t  

Ca l l ing  t h e  p o s i t i v e  constant  i n  Eq. ( 7 7 )  C , one thus  has  approxi- 

mately 
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Now w e  make t h e  fol lowing observat ions:  

(2) Using Eq. (B-4), and the f a c t  noted above t h a t  

(B-12) 

(B-13)  

(B-14) 

(3) From eqs. (75), ( 7 3 ) ,  one r e a d i l y  shows t h a t  

where 

(B-16) 
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( 4 )  From eqs. (B-61, (B-7) 

N ( ~ , E )  - N ( O , E )  = 2 E~+~-E-G + 2 ( ~ - E  ) [J- 1 0 

where E E E ( Z  = 6 = 0 )  . 
0 

(B-17) 

(B-18) 

C lea r ly  t h i s  is nega t ive  f o r  a l l  6 > 0 . 
From these  considerat ions i t  is clear t h a t  (denoting the  

'NM 9 
p o t e n t i a l  energy of t h e  non-monotonic and monotonic s o l u t i o n s  as 

UN r e s p e c t i v e l y )  

n y e r f ( G )  

- e 8n* JJoo } (B-19) 

Here 3' is p o s i t i v e  ( i t  is e s s e n t i a l l y  3 p l u s  p o s i t i v e  con t r ibu t ions  

from t h e  t e r m  involving Y(w) and a i s  p o s i t i v e  and O(1) . 
Now it is  very simple t o  show t h a t  t he  cu r ly  b racke t  i n  Eq. 

(B-19) is p o s i t i v e ,  provided h 6 2 6  e Even f o r  z << 1 t h e  las t  

(negat ive)  t e r m  has an o r d e r  of magnitude [(A/2&) l'dy y / v  1 . Thus 
0 

6 1  
A u m - u M ' < o  - 

' 2& 

where t h e  e q u a l i t y  occurs only f o r  z = 0 . 
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